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ABSTRACT 

This paper examines some necessary conditions for the product A * B to be LERF. 
a=b 

A group G is LERF (locally extended residually finite) if for any finitely gener- 

ated subgroup C of G and for any element g E G \ C  there exists a finite index sub- 

group Go of  G which contains C but not g. 

A free group is LERF [Hall] and a free product of  free groups with cyclic amal- 

gamation is LERF In-B-S] .  

In [Gi] sufficient conditions on a LERF group B and an element b E B of  infi- 

nite order were given such that the group G = A * B is LERF for any LERF group 
a=b 

A and any element a E A of infinite order. 

On the other hand, the examples show [Ri] that a free product of  LERF groups 

with cyclic amalgamation need not be LERE 

In this note we study some necessary conditions for such a product to be LERE 

The comparison shows that there is still a considerable gap between necessary and 

sufficient conditions which requires additional investigation. 

We would like to thank Professor A. Mann for finding an error in an early ver- 

sion of the paper. 

THEOREM. Let D be a f ree  abelian group with the basis dx, dz, d3, d4, ds, d6, 

dT,d8. Let A = D >~ (a ) ,  where a - l d l a  = dld2, a - l d z a  = dz, a - ld3a  = d4, 

a - l  d4a = d3, a - l  dsa = d6, a - l  d6a = ds, a - l  dva = tiT, a - l  dsa = ds. 

Let B be any group containing an element b o f  infinite order. I f  B contains an 

element c such that bc = cb and c f~ ( b ) , then G = A * B is not LERF, though A 
a=b 

is L E R E  
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PROOF. 

D ;~ ( a  2) is finitely generated nilpotent and o f  index 2 in A,  so A is LERF.  

Let us show that  G is not  LERF. 

Consider  the subgroup C = (adz,  Cdl, d7 d3 cd3, d4 cd4, d8 ds cds, d6 cd6, ad7 ds). 
We show that:  

(a) a ~ C; 
(b) for  any subgroup H containing C, either a E H o r  ( a )  N H =  [1}. 

Hence G is not  L E R F  because the element a belongs to any finite index subgroup 

o f  G containing C. 

In  order  to prove (a) let us determine C rl A.  

Let Wl, w 2 ~ led1, d3dvcd3, d4cd4, dsdscds, deed6], e = _+1 and 8 = +_1. Then  

w~ = ul lc~vl  and WE ~ = U~lC%2, where ul,  u2, vl, v2 E [1, dl ,  d~-ld31, d3, di  -1, 
d4, d~l d f  l, ds, d61, d6 l . 

Note  that  the elements ad2 and ads d8 commute .  

CLAIM. For any k , l  E Z, hk, t = vl(adz)k(adTds)tu2 q ~ (a)  unless k = l = O, 

wl = w2 and e = -8 .  

We prove the claim in several steps. 

(1) Let Do = (d3, d4, d5, d6, d7, d s ) ,  `4 = A/Do.  We have dl adi -l = ad2, there- 

fore,  in .4, if 01 and t~2 are in [ 1,di 1, then 01 ( ad2 )ka t t l f  I ~ (t~) unless 01 = t~2 = 

d l a n d 2 k + l = 0 0 r O l = U 2 = l a n d k = 0 .  

I f  vl = u2 = d~, then in view o f  d~adi -1 = ad2 it follows that  hk, i = 
1)1 (ad2)g(adTds)tuZ 1 = dl t~k+l,4k,4ldlx,4-1 ~k+l,42k+l,41,dl [ t t  u 2 t ~ 7 t ~ S l t ~ l  : t~ t~ 2 t~7t~8,  SO ht,,t E (a)  i m -  

p l i e s  that  l = 0 and 2k  + l = 0, hence k = 1 = 0, while wl = w2 = c d l ,  e = 1 and 

6 =  - 1 .  

(2) I f  Vl = d l  and u2 ~ dl or Vl q: dl and u2 = dl ,  then f o r D l  = (d2,da,d4, ds, 
d6, d7,d8) we have hk, t -  a/ '+t.d?l(modD1),  so he,,, ~ (a).  

(3) I f  vj ~ dl and u2 :~ dl ,  then for  D2 = (d3,d4,ds ,d6,dT,d8)  we have hk, t -  

ak+td~(modD,~), so if hk, t E (a),  then k = 0. 

Now we assume that  Vl :~ dl ,  u2 4: d~ and k = 0. 

(4) I f  u2 = vl = d ( l d {  1 or vl = u2 = dff-ld~ -l, then for D3 = (d l ,d z ,  ds ,d4,ds ,  
~t '4t '~t (modD3),  so ho, t E ( a )  implies l = 0, wl = w2 = d6) we have that  ho, l -= ,, -7,,8 

d3d7cd3 or  W 1 = W 2 ~--- dsdscd5 and e = - 6 .  

(5) In all the other  cases ho, t -- atdl+'~td~+'~Z(modDs), where ~ = - 1  if v~ = 

dc~d~ 1, )71 = 1 is u2 = dTld~ -~ and ~ = 0 otherwise, and ~/z = 1 if u2 = d ~ d ~  -~, 
)71 = - 1  if vl = d ~ d ~  -~ and )12 = 0 otherwise. Hence hod ~ (a) implies 1 + ~ = 

l + ) 1 2 = 0 ,  so ~/2 = ~ = 0 and 1 =  0. 
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For Vl,U2 E (1, d71d31,d4- l ,d4 ,  d81d5 -1, ds ,d61,d6)  we have that  ho,o = 

v~u21 E (a> only when v~ = u2, so wl = w2 and e = -tS, as required. 

The claim is proved, so by the normal form theorem in the amalgamated prod- 

ucts C I"1 A = (ad2, ad7 d8), hence a ~ C N A. [] 

Let H be a subgroup of G containing C and a n. 

(b) is a consequence of  (c) and (d). 

(c) I f  n = 2m + 1, then a E H. 

Indeed, for n odd, a-nda an = d4, a-nd4 an = d3, a-nd5 an = d6 and 

a-nd6a n = ds, so a-n(d3d7cds)an(d4cd4) -1 = dTd4cd4. (d4cd4)-I = d7 E H, 

and a-n(dsdscds)an(d6cd6) -1 = dsd6cd6.(d6cd6) -1 = ds E H, hence 

a d T d s . d ; l d (  1 ~ H. 

(d) I f  n = 2m, then a m E I-1. 

Indeed, dladi -1 = ad2, so (cdl)(a2m(ad2)-m)(Cdl) -1 = c(dl (amd2m)d?l)c  -1 = 
e a m c  -1 = a m e n .  [] 

REX~a~K 1. Taking B = (c ) ,  b = c k, we obtain that adjunction of  roots need 

not preserve the property LERF. 

REUARK 2. I f  B contains an element Co such that bco = cob-l ,  then consider- 

ing the subgroup Co = ( ad2, Codl, dTd3Cod3col d3, d4cod4col d4, dsdscodscol ds, 

d6cod6cold6, adTds) we similarly show that G = A * B is not LERF. [] 
a=b 

COROT.LAR~. Let B be a LERF group and b E B be of  infinite order. I f  for any 

L E R F  group A and a E A of  infinite order A * B is LERE then No (b) = (b) .  
a=b 

[] 
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